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As a slight generalization of previous work [1], boundary conditions for the distribution
function of a monatomic gas at a moving solid or liquid wall are derived from the interfacial
entropy production. The new scheme is compared with the conventional one. Boundary con-
ditions for a set of moments of the distribution function are obtained by taking the correspond-
ing moments of the new kinetic boundary condition. With a special set, the details are worked
out. Finally, a simple two-parameter model for the interfacial kernel is designed and discussed.

In a recent paper [1], boundary conditions have
been derived for the linearized Boltzmann equation
using the concepts of reciprocity [2] and of inter-
facial entropy production [5]. With this method,
the boundary conditions are obtained as a linear
functional relation between “fluxes” and “forces”
at the interface. Essentially, the flux and the force
are given by the difference and the sum, respec-
tively, of the distribution function itself and its
motion-reversed counterpart, both taken for par-
ticles approaching the wall. The new form of the
boundary conditions is well suited for applications,
e.g. for the treatment of the heat transfer between
parallel plates [3], or for the derivation of slip
boundary conditions [1]. This is not surprising since
the method originated from the study of boundary
conditions for transport-relaxation equations [2],
(4], [5].

Hitherto [1], the interface has been taken to be
at rest. This restriction is dropped now and con-
ditions are derived for the distribution function of
a monatomic gas bounded by a moving solid or
liquid wall. To this end, the interfacial entropy
production is expressed by the components normal
to the wall of the entropy fluxes in the gas and in
the solid. From the beginning, the local conserva-
tion laws at the interface are incorporated. As a
result, the interfacial entropy production is ob-
tained as a bilinear expression in one “mixed” flux
Jimr and one “mixed” force Fryr. This force-flux
pair contains the distribution function, the motion-
reversed distribution function, and the temperature
and velocity of the wall. As in Ref. [1], the boundary
condition is set up as a linear relation between the
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flux and the force. The interfacial kernel which
establishes this relation is the same as in Ref. [1]
since it only depends on the particle momenta and
on the equilibrium parameters of gas and wall. For
a wall at rest, the previous result [1] is of course
regained. ‘

In the preceding literature, the boundary condi-
tions have been stated as a relation between the
distribution functions of the particles leaving and
approaching the wall [6]. The interrelations be-
tween the different kernels occurring in the old [6]
and in the new [1] method will be discussed in
detail.

In practice, the linearized Boltzmann equation is
frequently replaced by transport-relaxation equa-
tions for moments of the distribution function [7].
Boundary conditions for these moments are easily
obtained from the new form of the boundary con-
dition for the distribution function. First, the gen-
eral procedure is described including Cartesian ten-
sors up to rank three. Then the specialization to the
small set of boundary conditions of Ref. [8] is made;
in particular, their phenomenological surface coef-
ficients are expressed as matrix elements of the
interfacial kernel.

Finally, a simple but flexible model for the inter-
facial kernel is developed. Its two parameters char-
acterize the fraction of particles which are reflected
from the wall specularly and in backward direction.
The remaining particles are scattered thermally.
Explicit formulae for phenomenological surface co-
efficients in terms of the parameters are given.

1. Interfacial Entropy Production

The monatomic gas is described by the one-par-
ticle distribution function f(¢, x, p) which depends
on the time ¢, on the position x and on the momen-

Dieses Werk wurde im Jahr 2013 vom Verlag Zeitschrift fir Naturforschung
in Zusammenarbeit mit der Max-Planck-Gesellschaft zur Férderung der

This work has been digitalized and published in 2013 by Verlag Zeitschrift
fir Naturforschung in cooperation with the Max Planck Society for the

@NOIS)

) Wissenschaften e.V. digitalisiert und unter folgender Lizenz veréffentlicht: Advancement of Science under a Creative Commons Attribution-NoDerivs
Creative Commons Namensnennung-Keine Bearbeitung 3.0 Deutschland 3.0 Germany License.
Lizenz.

Zum 01.01.2015 ist eine Anpassung der Lizenzbedingungen (Entfall der
Creative Commons Lizenzbedingung ,Keine Bearbeitung*) beabsichtigt,
um eine Nachnutzung auch im Rahmen zukiinftiger wissenschaftlicher
Nutzungsformen zu erméglichen.

On 01.01.2015 it is planned to change the License Conditions (the removal
of the Creative Commons License condition “no derivative works”). This is
to allow reuse in the area of future scientific usage.



270

tum p = m c of the particle with mass m. Integration
of f over momentum space gives the number den-
sity n,

[f(t =, p)d3p=n(t,x).
The H-theorem of the quadratic Boltzmann equa-

tion for f states that the local non-equilibrium en-
tropy density

(1.1)

s= —k [{[In(fh3) — 1]d3p (1.2)
changes according to the rate equation

Os 0 N 0s i3

E—{h a”_ (va I 87) - E irr('v, ( ' )

with a positive bulk entropy production rate
(08/0t); 0o » S€€ €.2. Ref. [9]. By k& Boltzmann’s con-
stant is denoted, Planck’s constant A is used to
make the argument of the logarithm dimensionless
in the correct way. In the divergence term of
Eq. (1.3), sv, is the convective transport of entropy
due to the local gas velocity

: ds 1
vvzgfcvf P, (1.4)

and
sy=—k [ (cy — vy) In(fh3) fd3p

is the (non-convective) entropy flux.

Since the gas (medium I) is bounded by a solid
or liquid body (medium II), entropy is produced
not only in the bulk media but also at the interface
ormr. If we assume that the interface itself does not
carry entropy, the interfacial entropy production
is only due to the discontinuity of the normal en-
tropy fluxes from the gas and from the wall [4, 5]:

Sg= — [do[n1" s+ nu - su]

o111

= —fdo'nI'[s—sH];

or1r

(1.5)

(1.6)

nj is the outer unit normal of the gas and n;r= — ng
that of the wall. For the entropy flux in the wall
the most simple expression is used, viz. the heat
flux divided by the temperature,

siy=quTnu!. (1.7)

For the explicit calculation of Sy, the conserva-
tion laws at the interface o1 have to be taken into
account. These stem from the impenetrability for
matter of o111 and from the conservation of total
energy and momentum [4]. In detail, this means i)
the continuity of local normal velocities

nprv+ngog=0, (1.8)
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the continuity of ii) the integrated fluxes of energy

[do[ni g+ ni P v+ ni-qu

o111

+ ny- Prr-on] =0, (1.9)
and iii) of momentum
[do[nrP + nr- Pr] = 0. (1.10)
Here,
m
qzj'—(c—v)z(c—v)fd3p (1.11)
2
is the heat flux, and
P:J'm(c—v)(c—v)fd:’p (1.12)

is the pressure tensor in the gas. The integral rela-
tions (1.9), (1.10) have been derived under the as-
sumption that the interface itself does not carry
energy nor momentum. In the following, we will
furthermore assume that no interfacial currents
exist. Then, Eqs. (1.10), (1.9) reduce to the local
conditions

nII'PII= —nI-P, (1.10&)

an

nii- qii = — nI-q——nyP-(v == vn). (19&)

The interfacial entropy production (1.6) can be

written in a very concise form if we use the local
“wall Maxwellian”’

fir =nu(2amk T1)=3/2

cexp[— (p —mon)?2mkTr] (1.13)

with the local temperature 7’11 and local velocity vt
of the wall at o111. The value of the number density
nyr is not relevant for the following considerations;
it cancels in Equation (1.14). If we now use the de-
finitions (1.5), (1.7) for the entropy fluxes, eliminate
ny - v and nyr - qir with the help of Eqgs. (1.8) and
(1.9a), and finally insert the expressions (1.11),
(1.12) for q, P we can easily prove for the local
interfacial entropy production rate (1.6) per unit
area

dSs/de = — ny- (s — sm) (1.14)
=k fn; * (¢ — vm) In(f/fr) fd3p.

It should be noted that this expression, together
with the boundary condition (3.14), is the starting
point for Cercignani’s proof [6] of the positivity of
the interfacial entropy production. With the de-
finition of @111 through

f=fu(l + @1m), (1.15)
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and by use of the relation equivalent to (1.8),
f(c — o) @i fuddp =0, (1.8a)
Eq. (1.14) can be written in the alternative form
dSa-/dG = knt * (c — vn)
‘[(1 + @) In(1 + Pry1) — Prmnl
- frd3p. (1.16)
In the following, the gas as well as the solid or

liquid shall be close to an absolute equilibrium. Hence,
the relative deviations @ and @y of the distributions

f=f(l+®), fu=fo(l + Pn) (1.17)

from fo are “small”. In Eq. (1.17), fo is a resting
Maxwellian with number density »o and tempera-
ture 7T,

fo=mno(2wm kTo)-3/2

-exp[— p2/2mkTo]. (1.18)

The small deviation @y of f from the wall Max-
wellian fr1 is given by
&1 =D — D1,

whereas for the wall Maxwellian itself in linear ap-
proximation one has

i — mo ( p? 3) Tu—To

(1.19)

djn: no 2kao _5 To

+ p-ou/kTy. (1.20)

The linearized version of the impenetrability con-
dition (1.8a) reads

[e@Prdy =0. (1.21)
Here, the abbreviation

c=ni-c (1.22)
and the dimensionless integration element

d‘yE-;—ofod:’p, fdy=1 (1.23)

have been introduced. The local conservation laws
for energy and momentum, Egs. (1.9a), (1.10a), do
not lead to an integral condition for @ryy similar to
Equation (1.21). They just can be used to express
the normal components of the heat flux and of the
pressure tensor in the wall through non-equilibrium
integrals in the gas. In linear approximation one
finds:
2

p
N A W
ST, Prdy

ni - qn = —nl'q=—PofC
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ni — no

7o To
= noj'cpdhndy.

ni-Prp=—niPo|l+

The ideal gas law for the equilibrium pressure
P 0= nokTo

has been used.
Now, the logarithm in the integral (1.16) is ex-
panded for small @ryr. In lowest order one gets

(1 + @1r) In(1 + Pror) —

If no terms higher than quadratic in deviations from
equilibrium are taken into account in the interfacial
entropy production, the wall Maxwellian fy1 in Eq.
(1.16) can be replaced by fo, and the term propor-
tional to vyr - n1 can be dropped:

2
¢III I %@III.

" Py

dSs/do ~ Ty fei @i dy.

In this approximation, the interfacial entropy pro-
duction rate from Eq. (1.6) reduces to

S,,_jdo T fzcrp?“dy (1.24)

Due to the condition (1.21), S, is independent of the
density nyr.

2. Boundary Condition for the Distribution Funetion

In the bulk of the gas, the distribution function @
shall obey the linearized Boltzmann equation. The
kinetic equation has to be supplemented by a bound-
ary condition for @ at the interface oryr. According
to the procedure described in Ref. [1], boundary
conditions for @ are derived from the interfacial
entropy production by rewriting S, from Eq. (1.24)
in the form

Se = fda——~ {FruJrndy.

o111

(2.1)

This is achieved by transforming the momentum
integral in (1.24) into an integral over the half
space ¢ >0 with the ‘“‘surface force”

Finp =

¢) (P11 + Drirr) . (2.2)

V2

and the “surface flux”

Jimr = V— P (c)c(Prn — Prnim) - (2.3)
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The motion-reversed distribution has been denoted
by

Prnr(t, =, p) = Prult, x, — p)., (2.4)
and the Heaviside function by P.:
Pi(c)=0 for ¢<O0,
=1 for ¢>0. (2.5)

In the formula (1.24) for the interfacial entropy
production, the local conservation of energy and
momentum at orr is already incorporated by the
use of Eq. (1.9a). Insofar, the pertinent subsidiary
conditions are eliminated. But the continuity of
normal velocities, Eq. (1.8), still leads to a restric-
tion for the surface flux Jyyr. Indeed, by rewriting
Eq. (1.21) as a half space integral, one has

[ Py(c)e(Pr — Prur)dy = 0.
Hence,
J.JIIIdy — 0 (26)

is the only remaining subsidiary condition. Con-
sequently, terms in Fyyr which are independent of
momentum p do not contribute to S, .

In view of the form (2.1) for the interfacial en-
tropy production Sy, the boundary conditions at the
gas/wall interface are set up as an instantaneous
linear relation between the flux Jyr and the force
Frim:

Jiu(t, x, p) = [ L(p, p') F1u(t, x, p')dy’.

The present L coincides with the former Lry. In-
deed, in a steady state, for a wall at rest (v;;=0),
Eq. (2.7) reduces to the “‘elaborate’” boundary con-
dition (5.9) of Ref. [1]. With the linear law (2.7),
the interfacial entropy production (2.1) is rewritten
as a quadratic expression in the force Fip. The
second law requires that

' P
Sg = j'do' Tz deyﬁvljl(t, X, P)

o111

2.7)

“L(p,p’) F1ul(t, =, p') dy’ (2.8)

is positive for arbitrary Friy, i.e. L(p, p’) has to
be a positive operator. On the other hand, “particle
conservation’ (2.6) leads to the condition

[fdy L(p, p') F1us(t. x, p')dy’ = 0.

This is fulfilled for arbitrary Fyyr only if L has the
property
_[dyL(p,p’) =0 forany p’. (2.9)

Hence, L is a positive semi-definite operator.
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The boundary condition (2.7) is local in time ¢
and in the space coordinate x, i.e. the absorption
and the migration of particles at the interface have
been neglected. As indicated, the interfacial kernel
L depends on the particle momenta p, p’, but tac-
itly L also depends on the equilibrium values Py,
Ty, and on the unit normal ny. It is emphasized
that the system is assumed to be at rest in global
equilibrium: vg=0. This is no restriction, it can
always be achieved by a Galilean transformation.
According to Ref. [1], the interfacial kernel

L(p,p’)=L(p'. p)

is symmetric.
The combination of Egs. (2.9) and (2.10) leads to

(2.11)

(2.10)

fL(p,p’)dy’ =0 foranyp.

Therefore, terms in Fyyr which are independent of
the momentum p don’t contribute to the L-integral
(2.7). This means that the number density ni can
be chosen freely. — If the gas is in thermal equili-
brium with the wall, it must have the velocity v
and the temperature T'1r. The choice

ni =n

then yields the simple property

@111 = 0  in equilibrium. (2.12)

As a consequence, the flux Jrir and the force Frpx
both vanish in thermal equilibrium, the boundary
condition (2.7) is trivially fulfilled.

Inserting the meanings (1.19) and (1.20) into the
definitions (2.2) and (2.3) of the interfacial force
and flux yields the following explicit form of the
boundary condition (2.7)

Pi(0)e(® — &1 — 2p - vui/kTo) (2.13)
s o 27 Tu=To)
=tiedr ’(‘I’ e

Terms of Fryr which don’t contribute to the inte-
gral because of the property (2.11), have been omit-
ted. The projection behaviour

P.(c)L(p,p') = L(p,p') P+(c') = L(p, P')

of the L-operator has been utilized. Indeed, L es-
tablishes a mapping between the two momentum
half spaces ¢ >0 and ¢’ > 0.

Another comment, from the physicists point of
view, may still be welcome. Boundary condition

(2.14)
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(2.13) for the moving wall is simply obtained from
that one for the resting wall [1] by a Galilean trans-
formation of the function @. Indeed, an observer
moving with the wall in his frame sees the function

Dy (p) =P(p) — p-vu/kTo (2.15)

and inserts his @y into formula (5.9) of Ref. [1],
which then at once is Equation (2.13). The trans-
formation (2.15) follows immediately from the in-
variance of the full distribution function under a
Galilean transformation (which in momentum space
merely amounts to a shift of the origin):

fw(p) =f(p + mwvm). (2.16)

Only has this to be rewritten by use of the con-
sistent definitions

fw(p) = fo(p)[1 + Pw(p)] (2.17)
and
f(p + mom)
=fo(lp +mon|)[1 + P(p + mom)] (2.18)
ofo(p)

~ fo(p) + —ar'mvn + fo(p)D(p)-

Due linearization has been applied and

0fo P
e e e
op mkTy

should be noted. — This ends the comment which
gives ‘a direct insight into the origin of Equa-
tion (2.13).

3. Comparison with Cenventional Approach

For a comparison of the boundary condition in the
formulation of Eq. (2.7) with the conventional ap-
proach [6] which states a connection between the
“outgoing” and the “‘incoming” distribution, a con-
venient formal notation is introduced. First, a half
space integration element dI is defined through

- dI'= (1/éo) P+(c)edy, [dI'=1, (3.1)
with
éo = [Py(c)edy = (kTo/2nm)V/2.

The half space unity operator is denoted by
épd3p’

’ — ’ p ’
WP, P) = P+(0)8(p, P) g P+(¢)

=W(p’. p); (3-2)
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and the operator & is introduced via *
1 1
Lp.p)=b_Lp.p);=2pp). 33)
As a property of Il we note e.g.
fu(p,p”)&(p", p)AI" = &(p, P)-
With the formal Q-operation

(2011 (p) = [ L(p, p') Pru(p’) AI”

the boundary condition (2.7) can then be rewritten
as

(3.4)

W(P111 — Prur) = &(Pr1u + Prur).
If the inverse of 1 4 ¢ is defined by
U+ U+ Y=U+QHU+Y1=1

(3.5)

Eq. (3.5) can be solved for @yrr:

UPrnr = $Pru, (3.6)
where the operator 9 is given by

H=U+9YH (N -8 or

L= U+ H)1(U—9). (3.7)

The operator product is understood as, e.g.,
(UQ)(p.p) = [U(p,p") L(p", P
=@ W(p,P)-

According to Egs. (3.2) and (3.3) the operators U
and Q are symmetric, hence 9 is symmetric too:

9. p)=9/P.p)- (3.8)
In terms of the operator &, Eq. (2.11) is
[e(p.p)alr =0,
or in formal notation
21=0. (3.9)
Together with U1 = U P, = P,, this leads to
H1="P,. (3.10)

Finally, the positivity property of the operator §
is investigated. The interfacial entropy production
rate in terms of & is

; P,
85 = jdaTz é [fdl Fin(p)

- 2(p, p’) Fru(p’)dl”. (8.11)

* The definitions here are a little different from the cor-
responding ones in Ref. [1], Equation (5.12).
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In order to obtain an expression in terms of £, we
rewrite the integrand by use of definition (2.2) and
of Egs. (3.6) and (3.7)

FIIIQFIII_z( 111+¢1nr)‘( 111‘5“1)1'1”)
2“(1)111 U+ 9)eu+ ®)¢1u
=30 ;(U—9)(U+ D) Dy -

So, the interfacial entropy production becomes

Sa—deTCO 5 ”dF‘pIn( )

(- 9% (p.p

Consequently, ¢ and Il — 92 have to be positive
operators.

The linear boundary condition (3.6) gives a rela-
tion between the distribution functions @111 (¢, x, p’)
and @1117(t, %, p) = DP111 (¢, x, — p) in the momen-
tum half spaces ¢’ >0, ¢> 0. It represents the lin-
earized version of the conventional relation [6] be-
tween the distributions of incoming particles

V@r(p)dl".  (3.12)

(¢— o) - nr >0
and outgoing particles
(c — vn) n;<<0.

In order to see more clearly the connection of our
approach with the conventional formulation of
boundary conditions, we 1rewrite Eq. (3.6) with the
help of Eq. (3.10) in the form

U1+ Druar) = H(1 + Drnp) -

Now we take the motion-reversed form of this equa-
tion, recall (1.15), viz.

1 + @111 = flfu,
and get in detail

(3.13)

P+(—C)?§I

1
= [Pi(—c) H(—p, P') P+(c') ¢ L—dy
II

(3.14)

This relation is quite similar to the usual form of

the boundary condition which connects the distribu-
tion f for incoming and outgoing particles [6]:

P.(—¢)(—2¢)f(t, =, p) (3.15)
—J'Rp—>p)P+ (€)e'f(t, =, p')dsp’;

¢ = p/m = ¢ — vy is the particle velocity with re-

spect to the wall. Starting from Eq. (3.15) one ar-

rives at (3.14) in the following way: First, Eq. (3.15)
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is divided by — ¢f1r, then, in the spirit of our linear
theory, ¢, p are replaced by ¢, p. As an intermediate
result we note

f R(p'—p)

— o) — (g Po(—)— 2
Pi(—c¢) Fur fco +( ) (—e fII/”II
ne L fu go

y P+(C )C f” CO P d3

In a linear boundary condition, the integration
element (f;;/n11)d3p’ has to be replaced by (fo'/no)
-d3p’ =dy’, and the operator R/(fir/n1) has to be
taken for the equilibrium values vir=0, T =T,
etc. Comparison with Eq. (3.14) then gives the
relation , (3.16)
9(—p p'>=éoP+(—c>(M) Pi(e).
' (—c) fu/ni ).,

As a transition probability which connects posi-
tive distribution functions, the function R (p’— p)
has to be non-negative for all arguments with
¢'>0, c<O0:

R(p'—p)=0. (3.17)

Together with particle conservation [6] (the equi-
valent of Egs. (2.9), (3.10)),

[R(p'—p) Ps(—c)d3p = Pi(c)),

and with the ‘“detailed balance”
(the counterpart of Eq. (3.8))

Pi(c') ¢ fu(p’) R(p'— p) P+(—¢) (3.19)
= P (—c¢)(—c¢)fu(p) R(— p— — p') P+(c),

(3.18)
relation [6, 10]

the positivity statement (3.17) is sufficient to es-
tablish [6, 11] the positivity of the interfacial en-
tropy production S, from Equation (1.14). Finally,
we note that, as a consequence of Egs. (3.16) and
(3.17), the function $ (p. p’) has to be non-negative,

H(p,p) =0, (3.20)

for all arguments with ¢ >0, ¢’ > 0.

4. Boundary Conditions for Moments

The distribution function @ is a solution of the
linearized Boltzmann equation

QLo

D VD+ @) =0 (4.1)

with the boundary condition (2.13). In the moment
method [7], the Boltzmann equation is replaced by
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a set of transport-relaxation equations for the
moments, dependent on ¢ and x only. The purpose
of this section is the derivation of boundary con-
ditions for these moments from the boundary con-
dition (2.13) for @. In Ref. [1], the general method
has been outlined already for arbitrary moments
a;,1=1,2,...; here the details of irreducible Car-
tesian tensors ), are explicitly worked out for
0=<1<3. Or in other words: a reduction of the
boundary conditions is now performed by making
use of the rotational invariance about the local
surface normal.

For the solution of Eq. (4.1) by the moment
method [7], the distribution @ is expanded as

=2 240 ,tx®) , (p), (42
120 r>0

where the (D;?. .., are a complete set of symmetric
traceless tensors constructed by the help of the
dimensionless momentum vector

D(t, =, p)

W = p/(2mkTo)V/2 (4.3)
in the way
P R e
Hy .. 4y l|1"( + +%)
pr—————
S (WHYW,, ... W,,. (4.4)

Here, S{" 3 is a Sonine-polynomial of degree r in
W2, and the numerical factor is chosen such that
the tensors are normalized [7] according to

J' 1)) 45(1"’) . d,y

M1 e oo i s puy

= 5” 61!’453, (4-5)

s it By e il

The irreducible isotropic tensor A is chosen such
that

s L o =2141

c My, M1

applies. With the normalization (4.5), the expansion
coefficients aﬁ:,). .. (t, ) are moments of the dis-
tribution function:

al L (tx)=[DD  (p)D(t x p)dy.

(I ]
By taking moments of the linearized Boltzmann
equation (4.1), a set of coupled linear first order
differential equations for the a{)  (t, x) is ob-
tained, the transport-relaxation equations [7]. The
boundary conditions for the moments which are
needed for the solution of these differential equa-
tions are derived from the boundary condition (2.7)
or (2.13) for @, first for a general expansion con-

(4.6)

taining tensors up to rank 3 (0 <!=<3), then for
the special set used in [8].

If W is replaced by — W, the tensor d)f"l) e
changes by a factor (— 1)!. Consequently, accord-
ing to Eq. (2.2), the surface force Fyip occurring
on the right hand side of Eq. (2.7) contains only
tensors with even [, i.e. here with /=0 and /=2.
The surface flux Jiir on the left hand side, apart
from a factor ¢, contains only tensors with odd I,
i.e. here /=1 and !=3. For the derivation of
boundary conditions, Eq. (2.7) is multiplied by one
of the even-in-I tensors and integrated (de facto
over the half space ¢ >0):

[dy®?  , Jin
= [fdy ¢"’. wL(p.p) Fiydy (4.7)
with [=0,2.

This is a complete set of boundary conditions for our
moments. We shall come back to this assertion
after Eq. (4.21).

The main algebraic problem with Eq. (4.7) oc-
curs in context with the second rank tensors and
with the disentangling of the equations into separate
boundary conditions for scalars, tangential vectors
and tangential second rank tensors. For the solu-
tion of this problem the irreducible second rank ten-
sor @) is decomposed into three parts,

djs:;) = V% Pfdov) u'' Ny Ny (P(2')
+ V2P . (4.8)
+ P o,
containing, respectively, a surface scalar

¢ =)/3nyn, PO .. B0,

— Vi nun, @7, (4.9a)
a tangential surface vector (2 components)
PueD = Y20, PO 00,
=2 Ty DD, ny, (4.9D)

and a tangential symmetric traceless surface tensor
(2 components)

@r) = p@
Gar =00, o Ol

= Tuw DD, Ty — % Typ Tyry DD, (4.9¢)

The quantities P(") wv > $=0,1,2, are projection
tensors * built up from the normal n = ny and the

* These three projection tensors P(0), P(1), P(2) are the sym-
metric traceless parts of 2(0), (1) 4 P(-1), and P(2) + P(-2),
respectively, where Z(m), m =0, + 1, + 2, are the five pro-
jection tensors used by Hess and Waldmann [12].
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tensors

n”ny=n”ny—%6/‘1, T”1=6”1—'nu'n’
in the following way:

)
pury pu'y

P,f;ly), wy = Y [nuny Tyy + nyny Tyyr
+ Ny ny Tm' + Ny Ny Tuu'] ’
Pfﬁ)’ Wy = Y[ Tuw Tov + Ty Tow — T Turw] -

We note the properties

—_— —

= $nunyny ny
(4.10)

Pf‘l’), Ax ;.,x)y’v' = 683' Pffz,,u' s
() (2)
ZP,”,,” "Aw,#v ) (4.11)
J_
(8) (8) (2) (8) — p®
Pyv,y » T Pu v, puv 2 A,uv,lxplx.u'v' - Pur,,u'v’ .
If we write
D = @on (4.9d)

the normalization (4.5) for the even-in-/ tensors can
be formulated in terms of the
gin L 1=0,2;0=<s<1) as
J w"".. x P’ Ay
= [P+©@V2eL) .. V200" e dy
= ass 6” 5rr T,E” -

with the isotropic projectors into the tangential

(4.12)

C g My g’

plane
70 =1, T‘“ o= Tty
Tiﬁ),# G = Pfy)’” g (4.13)

In terms of the tensors (p”"
Frq1 from Eq. (2.

_u,» the surface force
2) is rewritten as

vz 2
10,2 5=0 r=0
Bt e (4.14)
where the ‘“forces” f‘(ul:? il
fO9 = (n — n11)/no,
fO = — /3(T — Tu)|To.
and otherwise, in analogy to Eq. (4.6), by
lr) j‘(p(lr) Q)d‘y .
o = filg
The Eqs. (4 15a, b) are summarized in the relation
£ L =1V2e” . Findy, (4.15¢)
which follows from Egs. (4.12), (4.14) and from the

projector property
) ir) _ A
TO o fO0 =D

1o Msy fB1 e oo pig’ Ty opg [T [P

For the derivation of Eq. (4.14) from Egs. (2.2),
(4.2), the tensor aﬁl',’, has been decomposed into its

Finn= Pi(c

are given by

(4.15a)

(4.15b)

three parts {27, {27, ) in the same way as it has
been done for di(') in Equa‘olon (4.8).

In the boundary condition (4.7) the tensor
o0 . 18 now replaced by its components "
To thls end it is convenient to define “ﬂuxes

jén . through

. Mg

. = [Y2¢%” ., Jindy (4.16)
=[¢i’ . no(@—p-vu/kTo)dy.

In particular with @00 =1 and after Eq. (2.6) one
has (00 = 0. With these definitions, Eq. (4.7) leads
to the relation
A =l %2 A Z [Jary2eid ..,
L(p.p)y2 wﬁf,”.” W Tl
In the integral, the operator L is rotationally in-
variant about the normal, and the tensors ¢* " are
irreducible in the tangential plane. Therefore, the
L-matrix element is different from zero only for
s=s¢" and can be written as:

f fayy24ly .

U ¢)’ 7
L(p,p))2¢5, '.’ o dy

(l (l’ ’
2 (/2080 | LIVZOY v, (4.17)
“688 LS( )T(S) wio g P s v kg
The reduced matrlx element is given by
Lo = 7 V2080 | LIV295T
where (4.18)
=
T Tlfl)- c Mgy MY - .. pg

i.e. To:—‘l, T1=T2=2.

The symmetry (2.10) of the L-operator entails the
symmetry

Ly () = Ls (), (4.19a)
and the property (2.11) leads to
L, (7)) = Le({p) = 0. (4.19b)

With Eq. (4.17), the boundary conditions for the
moments read

75511'). o 15 g = Z Z LS (irr

U'=0,2r'20

@ . 1=0,2. (4.20)
These are three separate sets of boundary condi-
tions for scalars (s =0), tangential vectors (s=1)
and tangential symmetric traceless tensors of sec-
ond rank (s=2). As a consequence of Eq. (4.19b),
the condition j(00 =0 is fulfilled by the boundary
condition (4.20), and, furthermore, the force f(00)
does not contribute to the right hand side of Equa-
tion (4.20). We have now obtained the boundary
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(matching) conditions which are needed for the
solution of the transport-relaxation equationsinvolv-
ing all the moments a(') Fa DE 1 <3, chosen, to-
gether with the heat conductlon etc., equation for
the solid or liquid wall. The forces and fluxes in
Eqs. (4.20) are linear combinations of these mo-
ments such, that the forces fOn, f@n, f&n @0
according to Eq. (4.15¢) stem from the moments
a( and a(') whereas, cf. Eq. (4.16), the fluxes (01,

jen, g <2’) j@0 stem from the moments af and

(r
u?}l

Due to Eqs. (4.8) and (4.17), the matrix element
of the operator L with two second rank tensors has
the form

q;(r)

wy

a

| L| &)

u'y

2
1 2
—fz (3

Only if all three quantities
Ls(%:’)’ S=0,1,2,

are equal to one reduced matrix element L (3.,) the
result is an isotropic tensor, viz.

Qj(f) ILI @(r’)) =3 L(°’ AP

wy wy uvy vt

For r =7’ =0 and the special L-model of Eq. (5.12),
three different values for the Ls(3)) are obtained,
cf. Egs. (5.14), (5.16) and (5.17).

Finally, let us look at the interfacial entropy pro-
duction. By insertion of the expansion (4.14) into
Eq. (2.1) and subsequent use of the definition (4.16),
one finds
Py
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(L)

. g

i.e. Sy is a scalar product of the fluxes ;i with
the forces f¢” . This form of the entropy pro-
duction lead% along the lines of the previous work
[4, 2], indeed to boundary conditions of the type
(4.20), which are equivalent to those of Equation
(4.7). Therefore we think that our boundary con-
ditions are a complete set. If e.g. one would form
moments in analogy to Eq. (4.7), however by means
of the expansion tensors for /=1, 3, one would
destroy the canonical form of the entropy produc-
tion (4.21), essential for the derivation of complete
boundary conditions.

As an application of the general procedure de-
scribed so far, the boundary conditions used in
Ref. [8] shall be extracted from Eq. (4.20). To this
end, the expansion (4.2) for @ is approximated by
the following tensors:

OO, P, P®), q)( :
@(0) @(1) Q) Q)(O)

uvd

and
(4.22)

un ?

Besides the even-in-I tensors listed in (4.22), all
odd-in-! tensors contained in ¢, @™ and in ¢, DY
are considered. The scheme in Ref. [8] de facto was
a little simpler: the third rank tensor (D(uo,), had been
omitted. According to Eqs. (4.9), (4.15), (4.16) the
following tensors (p(“). .. uy» fOTCES f(ﬂl{). .. u, and fluxes
T’ ., arve connected with the list (4.22): one set
of scalars which play no role in the boundary con-
ditions

l
So=fdo 2 2 200 LI . 420) PO =1, fOO=(n—nu)n, =0,
o111 TOI:O,ZS:O r=0 PR R
three relevant sets of scalars,
¢(01):_W E W2__3_ P02 — zg_g;];2+w4 9’(20)21/3 (W n)z_iwz
3 27 15\ 4 ’ 3 ’
3T —Tn 15 4 3 -
oy — 1/ = 02) — I (20) — “h'P- -1
f 2 1, f ‘/s 7o ! V4nPnPo ; (4.23)
2 q'n 8 (A+q)'n 3 4 q'n
(1) DT | . S 7(02) — it 7(20) — (0) e Sl
7 -‘ 3 B ] 1/15 PO > ) V2 coaztllnﬂnvnl+ 3 PO )

one set of tangential vectors
a0 =2 W, tan W - n,

Ju®9 = (Paymy)ian Po-1,

Ju®0 = [vy — viu + 3qu Po! + ¢0)/6a?), nymytan;

(4.24)

and one set of tangential symmetric traceless tensors of second rank

(p(uZ?) - ﬂ [Wﬂtan W,tan —
f(20) —

2
7E) =3 o[ Tuw a2, 1 na Tow —

Tm, Wtan . Wtan] ,

T [Tu”' Pﬂ’y’ Ti’l" — ‘% Tﬂp Tﬂ"" Pu’v’] Po—l

, (4.25)

3 Ty Turv au v ]
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Here, the abbreviation
co = (kTo/m)1/2

has been used; the superscript “tan” denotes the
tangential component of a vector, e.g.

Wytan = Ty, Wy = Wy — nyny W, .

The boundary conditions (4.20) for the fluxes and
forces noted in Eqs. (4.23)—(4.25) contain three
types of reduced matrix elements, cf. Eq. (4.18):
Lo('y) =2(p0 | L| ¥'™), (4.26)
Li(3) =4(Wya2W-n|L|Wytan W-n),
Ly (%) = 2(W,tan W, tan | L| W,tan W,tan)
— (Wtan. Wta.nlLl Wtan . Jtan)

In Ref. [8], the third rank tensor a!®), had been
neglected completely. Consequently, in Ref. [8] the
boundary condition for ](20) does not occur, and in
1(20) the term with ¢o}/6 ( aﬁ?l) , nyny)tan is missing.
For a comparison of the present scalar boundary

conditions with those of Ref. [8], the fluxes
oD = jo.

are rearranged by a linear transformation
Ja:zUota’ja', aaa,:inaay

j(02) = 7}1, j(zo) = ja

in such a way that the new fluxes J4 coincide, apart
from constant factors, with those of Ref. [8]:

PO W ..
q— PO s A= PO )
Jo=3)3c0a'?; nynyn;. (4.27)

The new forces Fy are chosen in such a way that
the interfacial entropy production S; remains in-
variant under the transformation Uy,

Zfaja:ZFaJa‘
Hence, one has to take
th=2fa”U;r1,
or in detail

Fg=[T—Tu+A+3ToPon-P-n]TyL,
Fi=ATo!, Fo—=n-P-nPyl. (4.28)

In terms of the J,, Fy, the boundary conditions
read

b —ZL‘U’FG,

Ly —2 Z UagLgg' Uapr

where the Lgg' are the Lo( ) renamed in an ob-
vious way. Instead of the polynomials ¢, from
Eq. (4.23), the polynomials y, are introduced :

1Pa:zUaa'<Pa’-

Then the matrix elements can be written as
LD = 2(ya| L] ya),
in analogy to Equation (4.26). Explicitly one has

3 1 27
s (.

= 2
'/’q—W 2 8

1,;,,=%(1V-n)2~—16W2+g (4.29)
for the new polynomials.

The boundary conditions of Ref. [8] are obtained
by putting F4 =0 and by dropping the line for
Jo. The dimensionless coefficients Cny from Ref. [8]
are, in the present notation, given by

8
Coqr = <1_5a)‘) (Yo | L| Ya)

In the most simple approximation for heat transfer
problems, only one scalar boundary condition is
considered [8]:

(4.30)

I S, .
T 15 P Co 9%
Then the temperature-jump coefficient C; is ob-
tained from

4C Ct 3 Lo

15 Co 2 ( )
Similarly, in flow problems frequently the vectorial
boundary conditions are used in the truncated form

2(W2|L| W?). (4.31)

(v — v)tan = Oy el n .'F)tan_
Py

Hence, the mechanical slip coefficient C, is ex-
pressed as

Cmco= Ll(gg)
=4 (W e W -n|L| Wytan W-n).

(4.32)

Numbers for these two “classical” slip coefficients
will be given for the special L-model treated in the
next section.

In conclusion of this section we shall once more
derive the formulae (4.31) and (4.32) for the tem-
perature jump and the mechanical slip, renouncing
generality, in a most direct and simple way.
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The distribution in a heat-conducting gas is

3\ T—-1T,
2 5
P Puln .

5 2) kTo Py
This distribution is assumed to be valid as far as
the wall, so that T in the following means the gas
temperature at the wall. The dimensionless particle
energy is denoted by ¢ = W2=p2/2mkTy; q is the
heat flux. The corresponding interfacial force-flux
pair is

(4.33)

—To
2e
P To

Fin= V_ P, (@ + &7 — -+ const;)

P (2 T—Tn - t) 4.34
= g— s 3
V + To cons ( )
JIII— VA P+C(¢ @T)
1 4 5\ Pudu
=—=Pic-—|e—— ) :
V2 +% (8 2) kT P (4.35)

Insertion into Eq. (2.1) gives for the interfacial
entropy production per unit area

s 2 5 Cy Py T —Tn
d—a=3/(£— ) kT, MU e
2(5 17 5 5 T —Tn
LR *
1 T — Tn
=7 "4 To (4.36)

where n is the outer unit normal of the gas. Expres-
sion (4.36) shows that for the truncated distribution
(4.33) one scalar boundary condition has to be
aimed for. The full boundary condition

Jin(p) = [ L(p, p’) F1u(p') dy’ (4.37)
originally is in this case
4 5\ Pulu
Pro E("“_ 2) kTo Py
T—Tu
~ [L(p,p’)-2¢ — - (4.38)

With only two available parameters, g and T'— 7’11,
it can only be fulfilled “on the average”. The
“averaging” shall be performed in such a way that
on the right side a diagonal L-matrix element ap-
pears. This means that Eq. (4.38) has to be mul-

tiplied by ¢ and integrated over dy. On the left
side the same integral as in (4.36) comes

4 5\ cpu

Id)}Pﬁ.S({f—*) kTo
5\cyp

——fdys(e )vau =ny,.

Thus, the result of the averaging is the simple tem-
perature jump condition

"ot ,T-—'TII
n-q/Po=2[[dyeL(p,p)e'dy - To

(4.39)

This is equivalent to Eq. (4.31). It has already been
found in [3], Eq. (7.9), and, as a scalar relation, is
in accordance with the interfacial entropy produc-
tion (4.36).

The distribution in a streaming gas with friction is

icul’v Py
2 kTy Py’

PuVu

D~ % To

(4.40)

which again is assumed to be valid as far as the
wall, so that in the following v means the gas
velocity at the wall. The (irreducible) friction pres-

sure tensor is denoted by f’; . The interfacial force-
flux pair now is

1 cuPy Puy
Fru= V Py ¥To Py’ (4.41)
1 2P tan
JIII= ‘Vé‘ P+C'%%U??I[ ’ (442)
where

tan
VIII =0 — V11 = V1

means the gas velocity relative and tangential to
the wall with velocity vir. The component normal
to the wall of this relative velocity vanishes. Inser-
tion into Eq. (2.1) and use of the formula

J ay cupycu py/(k To)?
= 6;47 611’7' + 6#/1’ 677’ + 5;17’ 57/;'

at once gives the interfacial entropy production

(4.43)

as 1

o = 7 Uik (4.44)
with the friction force per unit area

kutir=ny Py . (4.45)

Expression (4.44) shows that for the truncated dis-
tribution (4.40) a tangential vector boundary con-
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dition is required. The full boundary condition
(4.37), in terms of the force-flux pair (4.41) and
(4.42), originally is
2
o, LrePt
~ [L(p p')—~1~~c'.p’, dgf—R%., (4.46)
’ ETo ™ °7 Py

Again, this can be fulfilled only on the average
which again shall be performed in such a way that
finally a diagonal L-matrix element appears. For
this aim, we multiply (4.46) by

PR tan
kT() CPu

and integrate. Writing

Put™ = Typ pu
with
Tuw = Oup' — muny

Ty =0,  (4.47)

the projection tensor into the tangential (wall)
plane, we obtain on the left side, by use of (4.43),

(k 711 J' y cputan ¢ pytan
= Ny Typr ny T fdy cw pu Cy Py |(kTo)?
= Ty. (4.48)
On the right side, the third rank tensor appears
1
Ly wvr = kT2

- [fdyeputan L(p, p') e prdy’,
symmetric in ', »" and of the dimension of a ve-
locity. Because n is the only vector available to
construct this tensor, it must have the shape

Ly;wv = Anyduy + B(Ouw My + Opr m?)

+ Cnyng ny .

(4.49)

But from n, pytan =0 follows that
N Ly v =0,

which leads to A =0, C = —2 B. Hence, with the
abbreviation 2 B = Lyeq, the tensor assumes the
form

Ly: v = Lyea * 5 (Tup ny -+ Ty myr) . (4.50)

The reduced matrix element Lyeq is obtained by
multiplication with 7,

Ly; wy iy = Lyea* % Typ ,
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followed by the contraction u = u' (T, =2):
Lrea = Ly; pv (4.51)
1

= oy [dvepaen Lip. p)epiandy’,

because

putan p”’ = p”tan p”'tan )
This now is indeed a diagonal matrix element. Com-
bining the results (4.48) for the left side and (4.49)

resp. (4.50) for the right side yields the slip bound-
ary condition

Pl ktan
tan uy Wl
V1 = Ly wy Py o red APO (4.52)

This is equivalent to Eq. (4.32) and, as a tangential
vector relation, it is in accordance with the inter-
facial entropy production (4.44).

The accordance in both cases with the entropy
expressions which had been freed from all redun-
dant surface variables, guarantees a unique exist-
ing solution [4], [2] of the transport-relaxation
equations for the moments occurring in Eqs. (4.33)
and (4.40), i.e. for 7', q and v, P respectively. —
This ends the most direct and simple consideration
of these two cases, temperature jump and mechani-
cal slip.

5. A Model for the Interfacial Kernel

To construct such a model it is most appropriate
to begin with the transition operator R defined in
Equation (3.15). It is sufficient to consider a wall
at rest (vrr=0). Our ansatz ist

R(p'— p) = P( —c{ 1—a)o(p, —p')
—B1—a)d(p,p—2nn-p)
—c (
ER . f‘”’}h(c'). (5.1)
CII1 nir

Obviously, the ‘“detailed balance” relation (3.19)
is fulfilled. Particle conservation (3.18) is guaran-
teed by the choice

b= [Pi(—c)(—
= (kT1/2am)l2,

fII

nix

d y
(5.2a)

Since R has to be positive, cf. Eq. (3.17), the two
parameters o, § have to be positive and smaller
than unity:

0=sa=1,

I\

0<p<1. (5.3)
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If the density nyr is chosen as

1
=g [Pi(c')c'f(t, =, p')d3p". (5.2b)
the distribution function of the particles leaving the
wall is expressed, via Eq. (3.15), by the “incoming”
distribution in the following way:

Pi(—c)f(t, =, p)

= Pi(—o){B(1 —a)f(t, x, —P)
+(1—=B01—a)f(t,x,p—2nn-p)
+afu(p)}-

This equation gives us a feeling for the two param-
eters « and f: the fraction o of the outgoing par-
ticles is thermalized, whereas the fraction (1 —p)
(1 —a) is reflected specularly and the remaining
particles, namely the fraction (1 — «), are reflected
in backward direction. To our knowledge, the back
scattering term is considered here for the first time.
Notice that complete accommodation is charac-
terized by «=1 and any allowed value for .

Now, we want to relate the parameters «, f§ to
the usual definition of an accommodation coefficient
a[p] for a function ¢(p). Cercignani’s definition
is [6]

a[@]{[ P+(c)cfpd3p
— [ Pi(—c)(—c) fupd3p} (5.5)
= [Pi(c)cfpd3p — [Pi(—c)(—c)fpd3p.

(5.4)

éod3p’
c'dy’

9, p)= P+(c){/3(1 —a)d(p, p')

+ 1 =B —a)d(p,

—p' +2nn: p)

Complete accommodation, i.e.
Pi(—c)f= Pr(—0)fu,

is expressed by o[¢]=1. The accommodation coef-
ficient in our model is obtained by insertion of
P, (—c)f from Eq. (5.4) into Equation (5.5). After
a short calculation one gets

(5.6)
(5.7)

“[‘Peven] =a,
a[poaal =1 — (1 —a) (28 — 1) = %oda -

So, the parameter « in the ansatz (5.1) for R is
identical with the accommodation coefficient for
functions which are even in the momentum p and
in the tangential momentum ptan; examples for
(Peven are the tensors @D, @O, ¢20), 0 from
Eqgs. (4.23) and (4.25). The combination woqq is the
accommodation coefficient for functions which are
even in p and odd in ptan; an example for goqq is
the vector ¢,20 from Eq. (4.24). Due to the re-
strictions (5.3) for « and B, the coefficient aoaa
obeys the inequality

o =oodd =2 —a. (5.8)

If one puts f=0, as usual, aoaq is given by
dodd = 2 — «,
with
1 < doaa = 2.
For the R-model (5.1), the corresponding $-op-

erator is obtained from Eq. (3.16) by the trans-
formation p — — p:

3

iy (5.9)

+a}P+(C)

For dy, Eq. (1.23) is recalled. The symmetry requirement (3.8) and the particle conservation (3.10) are
of course fulfilled. For the calculation of € from Eq. (3.7), it is convenient to express our  in terms of

three projection operators (), m =0, 4-1:
PO (p,p’) = Pi(c) P+(c),

B (p,p') = P+(c) P+(c)) {%[NP,P') +4(p

PV (p, p') = P+(e) P+(¢) $[0(p, P') — O(p;
They have the properties
Rm) ROW) = § s Bm) |
+1
> P =

m=—1

m,m =0, +1;

od3p’
P+2nnp)] Idl _1}’
60d3p
P+2nnp)] Cdy' =
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This gives for § the expression
H=(1—a) PD + (1 — aoaa) PV + PO,
and for Q follows immediately from (3.7)

' T s_Bu) P = BED

— Xodd
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(5.10)

(5.11)

If the operator € is applied to a function ¢ (p), the result is

Qq7 = P+(C)

®odd

+2—0todd

Fe(p) — to(—

In other words: all functions

P+ (C) [(peven - J‘(p;ven dIV] > QPeven * 1,

2ia 3e(p) +ie¢(—p+2nn-p)

p+2nn-p);.

— I(p'dr']

(5.11a)

are eigenfunctions of @ with the same eigenvalue o/(2—a), and all functions Py (c)poaa are eigen-

functions with the eigenvalue aoqa/(2 — %oad)-

If we insert the expressions for the projectors P(+1) into Eq. (5.11) and use Eq. (3.3), we get the

explicit form

L(p,p) = —2 Py(c {%[M’p + d(p,
o
5 Po(0)ch[8(p, P') — 8(P,
— ®odd

for the interfacial kernel as it occurs in the bound-
ary condition (2.7). With complete accommodation,
o = otodd = 1, this is the kernel already given in [1].

By help of Eq. (5.12) and of the formula

éo
RN WeMy — — !
[ Pio(W- N WM dy TyE 6B
I'@+M+N2); M,N=0,1,2,...,
the special matrix elements L;(},), defined in

Eqs. (4.26) and (3.23), can now be calculated. In
this way, the matrix

(5.14)
4 4 1
s "I T3l
. 2 4 28 >
Lo(f"r')=602—‘ ~3 15 5

1
3

1 1z 5
— 32 31/3 3

is obtained, where the rows and columns have to be
labelled by (Ir), (I'r")=(01), (02), (20). The equi-
valent matrix €,/ from Eq. (4.30) has the follow-
ing form:

9 dsp’ 1 ‘P te!
p +2nn: P)]cdy et +(¢)
’ 4 d3p,
—p' +2nn-p)] Fay —a37 ¢ P+(c) (5.12)
(5.15)
3
B 2 -1 -
, 4 2 « 7 3 .
(C“):E]/;?——a -1 5 20 |’
3 3 117

10 20 100
here, the labels are A, '’ =g¢q, 4, a. In the same way,
the matrix elements are obtained:

20 9(odd

: (5.16)

(5.17)

Hence, the two coefficients C; and C,, from Eqgs.
(4.31), (4 32) have the values

2 o«

1
4C’t ]/ 92—’ (@13)
Cp =2 ggaodd

7T 2 — %odd
T2 —a—28(1—q
:21/}{’#_0&2/3(1—0:) . (5.19)



H. Vestner and L. Waldmann - Boundary Conditions for the Distribution Function

The temperature-jump coefficient C;(x), due to
a =1, is always larger than C(1),

15 /=
> |/Z ~235.
Ciz-3 l/z %

The mechanical slip coefficient Cp, (o, ) may have
any positive value, depending on the numbers for
o and . In particular, we note

O, B)=Cm(x, }) =2 l/% ~1.60,
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